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Abstract 
High performance heat exchangers are critical component in many cryogenic systems and its performance is typically very 
sensitive to longitudinal heat conduction, parasitic heat loads and property variations. This paper gives an analytical study on 1-D 
model for multi-stream parallel-plate fin heat exchanger by using the method of decoupling transformations. The results obtained 
in the present paper are valuable for the reference on optimization for heat exchanger design.  
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1. Introduction 
 Multi-stream parallel-plate fin heat exchangers are widely used in cryogenic systems, aerospace, petro- 
chemical, chemical processes, and so on. 
 
Nomenclature 
Į            a parameter depended on the stream layers’ arrangement of stream layers 
U  the surface heat transfer coefficient between the stream and the metal wall around it 
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     Barron [1] developed a two-stream heat exchanger model, which assumes that one stream is interacting with the 
ambient. G. F.Neils [2] investigated a two-stream heat exchanger model, which includes longitudinal heat 
conduction, parasitic heat loads, and property variations.  
Krishna [3] et al. presented a finite difference model to predict the effectiveness of a two-stream counter-flow 
heat exchanger with heat loss by evaporation, which considers the effect of longitudinal heat conduction in the 
separating wall. Ignoring the effects of both longitudinal heat conduction and parasitic heat loads, Sekulic and Shah 
[4] developed a unified, flow direction independent, non-dimensional model for three-stream heat exchanger with 
two thermal communications for all possible stream flow cases.  
Kolo-Kulak et al. [5] presented explicit flow direction dependent solutions for three-stream parallel flow heat 
exchangers assuming that multiple eigenvalues do not exit.  
Aulds [6,7] and Barron [7] developed three-stream models involving three thermal communications and also 
multiple zero eigenvalues. Considering only the effect of parasitic heat loads or only longitudinal heat conduction, 
Krishna [8,9] et al. presented the general solutions for three-stream parallel-plate fin heat exchanger with three 
thermal communications.  
When both the effects of longitudinal heat conduction and parasitic heat loads are ignored, Wolf [10] and Luo 
[11] et al. analytical studied the 1-D models for multi-stream parallel flow heat exchanger. So far, the model for 
multi-stream parallel-plate fin heat exchanger with both longitudinal heat conduction and parasitic heat loads has not 
been presented. 
This paper presents a general 1-D model for multi-stream parallel-plate fin heat exchanger which includes both 
longitudinal heat conduction and parasitic heat loads. The analytical solutions are given by the method decoupling 
transformations.  
The results obtained in the present paper are intended to be used in optimizing design of a heat 
exchanger. 
 
Nomenclature 
h height 
į            thickness 
J            heat transfer factor 
Nu         Nusselt number 
Pr          Prandtl number 
qm          mass flow 
cp                 specific capacity 
Le          characteristic length          
Ȝf            stream’s thermal conductivity 
i             directional constant 
G           parasitic heat loads 
T            temperature 
Ac          thermal conductivity area    
As                surface heat transfer area 
Subscript 
f             plate fin   
k stream k 
hm  the hotter metal wall around stream k 
cm the colder metal wall around stream k 
m           metal wall m  
h            the hotter stream around metal wall m 
c            the colder stream around metal wall m        
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   Fig. 1. The schematic of parallel flow multi-stream plate-fin heat exchangers’ layers.         Fig. 2. The schematic of surface heat transfer area. 
2. Model formulation 
2.1. Governing equations
A multi-stream parallel-plate fin heat exchanger’s internal structure is as shown in Fig.1. The surface heat 
transfer area per unit length As between a stream and an adjacent metal wall includes two parts: the primary heat 
transfer surface As,1 and the secondary heat transfer surface As,2, as shown in Fig.2. Using the concept of the fin 
efficiency Șf, we have As = As,1+Șf ·As,2. The heat exchanger can be regarded as a 1-D model. The expression of Șf is 
 
,  
32Pr pm cqJU , 
or LeNuU fO                                                                                                                                           (1) 
Wieting [12] presented different J expression of different serrated fin-plate heat exchanger under different condition. 
The following assumptions have been made for the 1-D model: (a) the heat exchanger is in a steady state, (b) the 
temperature distribution is uniform in transverse direction and mass flow’s distribution is uniform in each flow 
channel for each stream, (c) there is no heat source or sink in the heat exchanger, (d) there is no phase change in 
each stream, (e) the transverse thermal resistance of the metal walls is ignored, (f) the streams’ thermal conductivity 
is ignored, (g) the heat transfer area is constant along the length of the heat exchanger, (h) there is no leakage 
occurring from each stream, (i) the pressure drop of each stream is ignored and (j) all properties and surface heat  
transfer coefficients are constants.  
For an n-stream heat exchanger, each stream interacts with both the two metal walls around it; each metal wall 
interacts with the adjacent hotter and colder streams, as shown in Figs.3 and 4. Based on the above assumptions, the 
governing equation for stream k (the kth hottest stream, k = 1,2, ..., n), obtained by energy balance, is as follow:  
,                                 (2) 
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       Fig. 3. The schematic of stream k̓s heat exchanger.                        Fig. 4. The schematic of metal wall m̓s heat exchanger. 
and the governing equation for metal wall m, also obtained by energy balance, is written as 
 
,                                          (3) 
2.2. Boundary conditions
 Stream k enters the heat exchanger at a specific inlet temperature Tk,in, so the boundary condition of stream k  
is 
.                                                                                                                                            (4)
The metal at the hot and cold ends of the heat exchanger may be either adiabatic or staked to particular temperatures 
(Tm;hot and Tm;cold) [2] .In this paper, we use the adiabatic boundary conditions , i.e. 
.                                                                                                                                   (5)
2.3. Special case 
For a two-stream heat exchanger, the present model is simplified as the model proposed in [2], only the effect  
of one stream’s parasitic heat loads is considered, the model can be further simplified as the model proposed in [1].  
For a three-stream heat exchanger, if only the effect of the parasitic heat loads is considered, the present  model is 
simplified as the model proposed in [8]; if only the effect of longitudinal heat conduction is considered, the  present 
model is simplified as the model proposed in [9]. For a multi-stream heat exchanger, ignoring the effects of both 
longitudinal heat conduction and parasitic heat loads, the present model can be simplified as the model presented in  
[10,11]. 
When the heat exchanger’s layers are arranged as shown in Fig. 5, each exothermic stream h (Th,in > Th,out) 
interacts with all endothermic streams and each endothermic stream c (Tc,in < Tc,out) interacts with all exothermic 
streams, but exothermic (or endothermic) streams don’t interacts with each other. The heat exchanger is called a hot- 
cold alternative parallel-plate fin heat exchanger, the equation for exothermic stream h is simplified as 
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Fig. 5. The schematic of hot-cold alternative parallel-plate fin heat exchangers’ layers (a) exothermic stream (b) endothermic stream.
  
and the equation for endothermic stream c becomes: 
                                                                                                 (7)
In this case, Į § 2 [13,14]. 
3. The analytical solution 
 The parasitic heat loads of stream k is regarded as surface heat transfer, thus Gk’ = U,k•As,Ğ,k•(T-Tk), where  
U,k is the equivalent surface heat transfer coefficient and As,,k is the surface area exposed to the parasitic heat loads 
per unit length of stream k. All the properties, all the surface heat transfer coefficients including U,k and all the  
surface heat transfer area including As,,k are constants. Thus Eqs.(2) and (3) becomes
 
                                             (8)
and 
  
.                                                (9) 
According to Fourier law, the heat conduction amount of metal wall m Qm is 
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.                                                                                                                                (10) 
Inserting eq.(10) into eq.(9), then 
,                                                                         (11) 
Eqs.(8), (10) and (11) can be rearranged and written in matrix form as 

 
Fig. 6. The schematic of example heat exchanger 1 (a) dimension (b) streams’ layer number. 
                                                                                                             (12) 
When all the eigenvalues of matrix [A] are not equal to 0 and the eigenvalues differ from each other, Eq.(11) is  
solved by using the method of decoupling transformations, which is also used in [11, 14]. [A] is diagonalized as 
[Ȥ]í1[A] [Ȥ] = [D], where [D] is a diagonal matrix containing the Eigenvalues of [A] and [Ȥ] contains the 
Eigenvectors of [A]. Matrices [D] and [Ȥ] are both computed by MATLAB. Assuming [Z] = [Ȥ]í1[T], [g] = [Ȥ]í1[f],  
then Eq.(11) becomes 
.                                                                                                      (13) 
The solution of eq.(13) is 
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where j=1,2,...,n2. According to [Z] = [Ȥ]í1 [T], there is [T] = [Ȥ][Z]. Inserting eqs.(4) and (5) into [T] = [Ȥ][Z],  
we can get the values of Cj (j = 1,2,  ,n2) and then the temperature distribution in the heat exchanger can be obtained. 
4. Results and discussion 
In this section, an example are taken to show that how to obtain the analytical solutions. The example is as follow: 
there is a three-stream parallel-plate fin helium heat exchanger made by aluminum, as shown in Fig. 6, whose 
plate-fins are as shown in Fig. 7 and plate-fin’s dimension are as shown in Table.1. 
                                   
                                                                    Table 1. The plate-fins’ dimension of example heat exchanger 1. 
sf(mm) hf(mm) a(mm) įf(mm) ǻ(mm) 
1.4 4.7 3 0.2 1.1 
 
There is heat transfer between stream A(or C) and stream B and no heat transfer between stream A and stream C.  
The heat exchanger’s inlet parameters, qualitative temperature and each stream’s mass flow and properties of   

Fig. 7. The heat exchanger’s plate-fins (a) 3-D plot (b) transverse section.   
streams are as shown in Table. 2. 
 
Table 2. The streams’ inlet parameters, qualitative temperature and each stream’s mass flow and properties. 
stream Tin(K) Pin(bar) qm(g/s) Layer number Tqua(K) ²(kg/m3) cp[J/(kg•K)] Ȟ(m2/s) Pr 
A 80 13 18 11 65 9.37 5244.8 0.82×10-6 0.71 
B 50 1.2 28 16 65 0.89 5198.0 8.44×10-6 0.70 
C 80 6 10 4 65 4.39 5217.4 1.72×10-6 0.70 
 
and metal wall’s heat conductivity is Ȝm§321.516w/(m•K). When U,A = U,B = U,C = 0.1 and T = 300K, using the  
analytical solution and the numerical method presented in the present paper, each stream’s temperature distribution 
in this heat exchanger (temperature vs. distance, i.e T(K)-x(mm)) is shown in Fig. 8. Solid lines depict the 
temperature value of the model in the present paper, i.e. the model includes both the metal walls’ longitudinal heat  
conduction and parasitic heat loads; dash lines depict the temperature value of the model with only the metal walls’  
heat conduction, i.e. the model use in [9]; dash dot lines depict the temperature value of the model with only the  
parasitic heat loads, i.e. the model use in [8]. Comparing the solid lines and the dash lines, we can conclude that the  
parasitic heat loads decreases the cooling efficiency of exothermic stream and increases the heating efficiency of  
endothermic stream, that is due to the ambient temperature value is higher than the temperature value in the heat  
exchanger and then each stream is heated by the parasitic heat loads. Comparing the solid lines and the dash dot  
lines, we can conclude that the metal walls’ heat conduction decreases the efficiency of each stream, which is in  
accordance with the conclusion in [2,9].   
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Fig. 8. Each stream’s temperature distribution of the example heat exchanger. Solid lines denote the temperature value under the model in the 
present paper; dash lines denote the temperature under the model with only the metal wall’s longitudinal heat conduction; dash dot lines denote 
the temperature value under the model with only parasitic heat loads. 
5. Conclusion 
 This paper presents a mathematical model for a multi-stream heat exchanger. In this model, both longtudinal 
heat conduction and parasitic heat loads are concerned. By using the method of decoupling transformations, the 
analytical solutions of the model is obtained. Comparing the analytical solution obtained in the present paper with 
the analytical solution obtained in [8], we can conclude that the metal walls’ longitudinal heat conduction decreases 
the stream’s efficiency; while comparing the analytical solution obtained in the present paper with the analytical 
solution obtained in [9], we can conclude that the parasitic heat loads decreases the cooling efficiency of exothermic  
stream and increases the heating efficiency of  endothermic stream.  In this paper, heat exchanger is in steady-state. 
When some stream’s mass flow or inlet temperature is changed, heat exchanger is in dynamic state. This will be 
investigated in the near future.  
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